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Outline	  
•  IntroducHon	  
•  DescripHon	  of	  the	  formalism:	  betatron	  moHon	  in	  
the	  presence	  of	  small	  	  focusing	  	  variaHons.	  

•  EmiLance	  growth	  due	  to	  slipping	  electron	  bunch.	  
•  EmiLance	  growth	  due	  to	  random	  electron	  bunch	  
by	  bunch	  variaHons:	  
– Peak	  current	  variaHons;	  
– Arriving	  Hme	  variaHons.	  

•  Summary	  



IntroducHon	  

•  In	   the	   electron	   cooling	   secHon,	   ions	   get	   focused	   by	  
the	   electrons.	   The	   focusing	   strength	   from	   electrons	  
can	   vary	   from	   turn	   to	   turn	   due	   to	   bunch	   charge	  
jiLers,	   arriving	   Hme	   jiLers	   and	   electron	   bunch	  
slipping	  with	  respect	  to	  ion	  bunch.	  	  

•  The	   Hme-‐varying	   focusing	   can	   change	   an	   ion’s	  
Courant-‐Snyder	   invariant	  (acHon)	  as	  calculated	  from	  
the	   Hme-‐independent	   linear	   laVce,	   which	   in	  
combinaHon	   of	   amplitude	   detuning,	   can	   lead	   to	  
emiLance	  growth	  of	  the	  ion	  beam.	  



EquaHons	  of	  MoHon	  
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Leading	  Order	  SoluHon	  
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Focusing	  Strength	  from	  Slipping	  Electron	  Beam	  
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Fourier	  DecomposiHon	  
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Fourier	  DecomposiHon	  ConHnue	  
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Resonant	  Driving	  from	  Slipping	  
Electron	  Bunch	  
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1D	  Tracking	  
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Tolerance	  on	  	   eν
•  For	  phase	  locked	  scenario,	  	  	  	  	  	  	  	  will	  be	  exactly	  zero.	  
•  But	  in	  principal,	  	  small	  deviaHon	  from	  zero,	  which	  only	  

leads	  to	  high	  order	  resonances,	  should	  be	  tolerable.	  
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EmiLance	  Growth	  due	  to	  Peak	  Current	  JiLer	  
(Reference:	  C-‐A/AP/#363)	  
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•  To	  keep	  the	  maximal	  betatron	  oscillaHon	  
acHon	  growth	  within	  one	  e	  fold	  for	  1000	  
seconds,	   the	   rms	   peak	   current	   jiLer	   is	  
required	   to	   be	   under	   4%	   in	   absence	   of	  
the	  synchrotron	  oscillaHon.	  

•  The	   growth	   rate	   reduces	   by	   a	   factor	   of	  
three	   ader	   averag ing	   over	   the	  
synchrotron	  oscillaHon	  period	  and	  hence	  
the	  requirement	  is	  relaxed	  to	  7%.	  

For	  non-‐correlated	  jiLers:	  



EmiLance	  Growth	  due	  to	  Arriving	  Time	  JiLer	  
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•  To	   keep	   the	   maximal	   betatron	  
oscillaHon	   acHon	   growth	   within	   one	  
e	   fold	   for	   1000	   seconds,	   the	   rms	  
arriving	   Hme	   jiLer	   is	   required	   to	   be	  
under	   70	   ps	   in	   absence	   of	   the	  
synchrotron	  oscillaHon.	  

•  The	  growth	   rate	   reduces	  by	   a	   factor	  
of	   three	   ader	   averaging	   over	   the	  
synchrotron	   oscillaHon	   period	   and	  
hence	   the	   requirement	   is	   relaxed	   to	  
120	  ps.	  



Summary	  
•  Slipping	   electron	   bunch	   can	   be	   considered	   as	   a	   bunch	   of	   rf	  	  

quadruples,	  which	  can	  drive	  ion	  beam	  resonantly	  and	  lead	  to	  its	  
emiLance	  growth	   if	   the	  resonant	  condiHon,	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   	   ,	   is	  
saHsfied.	  We	  plan	  to	  avoid	  the	  resonant	  driving	  	  by	  choosing	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

•  Peak	   current	   jiLers	   of	   the	   electron	   bunches	   lead	   to	   random	  
focusing	  variaHons	  to	  the	  ions	  in	  the	  cooling	  secHon,	  which	  can	  
cause	   ion	   beam	   emiLance	   growth.	   The	   rms	   current	   variaHon	  
should	   be	   under	   7%	   to	   keep	   the	   ion	   emiLance	   growth	   Hme	  
longer	  than	  1000	  seconds.	  

•  Arriving	   Hme	   jiLers	   of	   the	   electron	   bunch	   will	   also	   cause	  
focusing	  variaHons	  seen	  by	  ions	  and	  hence	  ion	  beam	  emiLance	  
growth.	  The	  rms	  arriving	  Hme	  variaHon	  should	  be	  under	  120	  ps	  
to	   keep	   the	   ion	   emiLance	   growth	   Hme	   longer	   than	   1000	  
seconds.	  	  
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Thank	  you	  



Averaging	  over	  Synchrotron	  Amplitude	  
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Gassian	  distributed	  electron	  bunch	  
siVng	  at	  ion	  bunch	  center:	  

Evenly	  (flat)	  distributed	  electron	  bunch	  
siVng	  at	  ion	  bunch	  center:	  
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Averaging	  over	  Synchrotron	  Amplitude	  conHnue	  
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Evenly	  (flat)	  distributed	  electron	  bunch	  siVng	  at	  arbitrary	  locaHon:	  

Gaussian	  distributed	  electron	  bunch	  siVng	  at	  
arbitrary	  locaHon:	  
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= 6.556

No	  overlap	  for	  	  	  ze > Am + le



Averaging	  Synchrotron	  Amplitude	  
ConHnue	  2	  
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For	  well-‐separated	  electron	  bunches:	  

•  Instead	  of	   a	   factor	  of	   3	   reducHon	  as	  
predicted	   by	   puVng	   all	   the	   electron	  
bunch	   to	   the	   center,	   this	   more	  
realisHc	   calculaHon	   predicts	   the	  
reducHon	  factor	  is	  ~5.	  

LEReC	  



Gaussian	  Ion	  DistribuHon	  
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One	  big	  bunch	  at	  
center	  with	  9ns	  
rms	  length	  

Nine	   1ns	   bunhes,	  
with	   10ns	   between	  
t w o	   s u c c e s s i v e	  
bunches.	  
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